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Abstract 

Concrete exhibits a complex range of visco-plastic behaviour over its temperature range. At 

room temperature, concrete demonstrates basic creep behaviour (without loss of mass) when 

supporting an external load. In response to thermal fluctuations, there is an additional 

component of creep linked to moisture content and its transport (drying creep). Furthermore, at 

high temperatures beyond a critical temperature and under an external load, concrete exhibits a 

component of plasticity referred to as load induced thermal strain (LITS) or transient thermal 

creep (TTC). 

For pre-stressed concrete structures, the evolution of visco-plastic creep strains is important 

over the lifetime of a structure, with each component of strain playing a significant role under 

specific circumstances. For example, the evolution of LITS has the potential to induce both a 

loss in pre-stress and residual tensile stress development under transient thermal conditions. 

Hence, structures which have been subjected to a high temperature thermal loading cycle may 

experience cracking and subsequent loss of rigidity; this could ultimately lead to a loss of 

functionality or even structural failure. In contrast, the role of basic creep is more significant 

over the lifetime of structures, which in the nuclear industry is of the order of 50 years for 

operations, defuelling and decomissioning. Again, basic creep strains have the potential to 

contribute to cracking in structures. 

Whilst models for basic and drying creep have been around for some time, models that capture 

LITS have only recently become available in the public domain. Furthermore, there are 

currently no available models that can capture cracking with plasticity that are accepted by 

industrial regulators as reliable. Most commercial software implement simple damage models, 

such as the model of Mazars (1986), but these cannot capture anisotropy and plasticity in 

addition to the unilateral effect exhibited by concrete. However, relatively recent research 

developments have shown that these additional effects can be captured using an energy 

regularisation method. For example, the Fichant-La Borderie (FLB) model is suitable to capture 

cracking due to plastic strains.  

In this project a method for coupling inelastic strains, which originate from basic creep and 

LITS, with the FLB model is proposed. It is believed that this novel model will enable more 

accurate assessment of structural damage over the lifetime of structures, including during 

transient thermal events such as fires. 
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Introduction 

The visco-plastic properties of concrete are complex and vary with temperature. Simply 

defined, creep is the time dependent deformation of a structure under sustained load. At room 

temperature, under load, concrete will exhibit instantaneous elastic strains and creep strains. 

The creep strain in concrete is composed of two basic elements: basic creep which occurs 

without loss of mass, and the additional drying creep which is linked to moisture content. The 

deformation of concrete in the absence of an applied load is often referred to as shrinkage (see 

Figure 30), as described by El Kanj et al. (2013).   

The mechanisms of creep are thought to originate within the hardened cement paste and the 

failure of paste-aggregate bonds at high stresses, in an analogous way to dislocation motion in 

metals. Whilst the mechanisms are not fully understood, the diffusion of evaporable moisture 

within capillary pores of the cement paste can play a strong role in the strength and creep 

response of concrete, according to Bazant et al. (1982). This form of creep is deemed to be 

distinctly different from shrinkage, which is related to long term drying effects in concrete. 

Various computational methods have also been developed that aimed to accurately represent 

creep and shrinkage. Bazant (2001) presents a detailed account of the various approaches in the 

public domain, but conclude that a comprehensive predictive model that captures all relevant 

mechanisms is very difficult. Nevertheless, it is noted that rate dependent creep models based 

on the Kelvin or Maxwell chains are highlighted as being able to give the most realistic 

representation of creep mechanisms as they allow physically sound incorporation of the effects 

of variable pore humidity and temperature on creep and aging. 

At high temperatures and under mechanical constraint, experimental evidence indicates that 

concrete develops significant inelastic strains. According to a review by Torelli et al. (2016), 

this is known as load induced thermal strain (LITS). Whilst it is not fully understood, LITS is 

considered to have important role in the structural performance of concrete during loading at 

elevated temperatures. A numerical study by Torelli et al. (2018) indicated that LITS has the 

potential to contribute to loss in pre-tension in pre-stressed concrete strutures during transient 

loading. 

Within the nuclear industry, the lifetime performance of structures is equally as important as 

transient behaviour; both are paramount to ensuring safe operations. Thus, there is an interest 

to understand the potential for damage to be caused by a range of mechanisms contributing to 

visco-plastic strain evolution in concrete, i.e. LITS and basic creep. It follows that accurate 

models that capture creep and LITS, which are also compatible with relevant damage models, 

could be helpful to assess this phenomena. Despite this need, numerical models that reliably 

capture the effects of visco-plastic strain components on damage evolution in concrete are not 

reliable for industrial usage. As noted by Draup et al. (2019) this can be linked to the domain 

of validity of damage models and the fact that typical concrete damage models were not 

developed with the explicit aim of capturing inelastic strain components. 

Draup et al. (2019) proposed mathematical coupling between the Fichant-La Borderie damage 

model and a LITS model. This model was able to capture a range of properties of concrete, 

include: initial elastic properies; stiffness degradation due to micro-cracking; asymmetry 

between compressive and tensile behaviour; stiffness restoration due to crack closure or the 

unilateral effect; the evolution of LITS. Interestingly, the model was able to show that coupled 

behaviour models can better capture the complex evolution of strains under a range of 

conditions compared to standalone models. Most importantly, the coupled models are less 
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conservative than standalone models and can provide insight into the conditions affecting real 

structures. However, the coupled FLB-LITS damage model of Draup et al. can only be used to 

capture transient effects in concrete as it does not account for long term creep damage. 

 

In this paper, a method for utilising the Burger creep model with the coupled FLB-LITS damage 

model is proposed. Preliminary results which demonstrate the complex evolution of stress, 

strain and damage within concrete are also presented. The constitutive behaviour laws are 

developed using the open source MFront software, which is a cross-platform constitutive 

modelling environment that is compatible with a range of commercial and open source finite 

element software, as described by Helfer et al. (2015). 

Numerical modelling approach 

A brief description of the modelling approach for Burger, LITS, FLB, and the finite element 

model setup utilised in this study are presented below. 

LITS model 

A confinement dependent model for LITS is discussed by Torelli et al. (2017); LITS is 

influenced to a stress triaxiality index. The rationale for this originates from a large body of 

experimental evidence, which shows that LITS as a dependency on stress confinement and is 

not simply a result of superposition of individual uniaxial stress states. However, the total 

strains are assumed to be composed as a sum of the elastic strains, free thermal strains, and the 

remainder being due to LITS, i.e. 

휀�̇�𝑗
𝑙𝑖𝑡𝑠 = 𝜂

𝛽(𝑇)

𝜎𝑢0
[−𝜈𝑙𝑖𝑡𝑠𝜎𝑘𝑘

− 𝛿𝑖𝑗 + (1 − 𝜈𝑙𝑖𝑡𝑠)𝜎𝑖𝑗
−]�̇� 

(1) 

𝜂 = 1 + (𝐶𝑚 − 1)𝛾 (2) 

𝐶𝑚 = 𝜂
|𝜎1
− + 𝜎2

− + 𝜎3
−|

√(𝜎1
−)2 + (𝜎2

−)2 + (𝜎3
−)2

 
(3) 

𝛽(𝑇) = 𝑏0 + 𝑏1𝑇 + 𝑏2𝑇
2 + 𝑏3𝑇

3 + 𝑏4𝑇
4 (4) 

 

Equations 1-4 describe the confinement dependant LITS model, where η is the stress triaxiality 

function and γ is a material parameter that must be calibrated to experimental data for the 

appropriate temperature range. 𝐶𝑚 is the stress triaxiality index and is linked to the principal 

stresses. β(T) is a polynomial function which is used to describe the experimentally observed 

uniaxial temperature-LITS behaviour from the public domain. 𝜎𝑢0 is the compressive strength 

of the material, 𝜎𝑖𝑗
− is the (i,j)th component of the stress tensor in the negative projection. Finally, 

𝜐𝑙𝑖𝑡𝑠 is a material parameter similar to the elastic Poisson’s ratio.  

 

FLB model 

Gangnant et al. (2016) describe the FLB model, which is used to account for the inelastic 

sources of damage in concrete. Equation 5 is the damage scalar, which is based on classical 

damage mechanics with the added assumption that the stiffness decreases exponentially. Thus, 
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it is prohibited from reaching 0 allowing the avoidance of convergence issues. The strain 

component at the onset of damage is 휀𝑑0 whereas 휀𝑒𝑞is the equivalent inelastic (Equation 6). 

The unilateral effect of concrete, which is a partial stiffness restoration due to crack closure that 

was described by Ramtani (1990), is accounted for via Equation 7. 𝐵𝑡 is the damage parameter 

which features an energy regularisation technique. Here 𝑓𝑡, 𝐺𝑡 , and h are, respectively, the 

fracture tensile strength, fracture toughness, and element length. Finally, the the total stress 

tensor (Equation 8) is defined in terms of the damage scalar and the decomposed effective stress 

tensor, which is separated into the tensile and compressive parts to account for asymmetry. 

Here, α is a factor linked to damage in the compressive state.  

𝐷 = 1 −
휀𝑑0
휀𝑒𝑞
𝑒𝑥𝑝{𝐵𝑡(휀𝑑0 − 휀𝑒𝑞)} 

(5) 

휀𝑒𝑞 = √∑ 〈휀𝑖
𝑒〉2

3

𝑖=1
 

(6) 

𝐵𝑡 =
𝑓𝑡ℎ

𝐺𝑡 − 0.5휀𝑑0ℎ𝑓𝑡
 

(7) 

𝜎𝑖𝑗 = (1 − 𝐷)〈�̃�𝑖𝑗〉+ + (1 − 𝐷
𝛼)〈�̃�𝑖𝑗〉− (8) 

Burger creep model 

The basic components of the Burger creep model are: a Maxwell chain connected in series with 

a Kelvin (or Voigt) chain, as described by Bottoni (2018). The former is a spring and dashpot 

connected in series whilst the latter is a spring and dashpot connected in parallel.  

The basic premise of the Burger creep model is that the creep strain can be decomposed into 

the recoverable (elastic) and irrecoverable (inelastic) components, which correspond to the 

spherical and deviatoric components of strain respectively (Equation 9). It follows that the stress 

tensor can be split in the corresponding spherical and deviatoric parts too (Equation 10), with 

contribution from the reversible (Equation 11-12) and irreversible components of strain 

(Equation 13-14). 

휀𝑐𝑟 = 휀𝑅
𝑆 + 휀𝐼

𝑆 + 휀𝑅
𝐷 + 휀𝐼

𝐷 (9) 

𝜎 = 𝜎𝑆𝐼 ̅ + 𝜎𝐷 (10) 

𝜎𝑆 = 𝑘𝑅
𝑆 × 휀𝑅

𝑆 + 𝜂𝑅
𝑆 × 휀�̇�

𝑆 (11) 

𝜎𝐷 = 𝑘𝑅
𝐷: 휀𝑅

𝐷 + 𝜂𝑅
𝐷: 휀�̇�

𝐷 (12) 

𝜎𝑆 = 𝜂𝐼
𝑆 × 휀�̇�

𝑆 (13) 

𝜎𝐷 = 𝜂𝐼
𝐷: 휀�̇�

𝐷 (14) 

Coupled Burger, LITS and FLB 
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In order to ensure the coupling between the individual models, the equivalent strain (Equation 

6) in the FLB model needs to be adapted to account for the contribution to damage from creep 

strains (Equation 15). 

휀𝑒𝑞 = √∑ 〈휀𝑖
𝑒〉+
2

3

𝑖=1
+ 𝛽〈휀𝑖

𝑐𝑟〉+
2  

 

(15) 

The coupling is essentially a sequential computation of the total strain made by evaluating the 

components contributing to the total strain in the following order: 

1. Computation of creep strain. 

2. Computation of damage 

3. Computation of high temperature LITS 

Firstly, the creep strain is evaluated using the Burger creep model, which allows extraction of 

the spherical and deviatoric components of both the irrecoverable and recoverable strains. The 

elastic strain tensor is computed and used alongside the creep strain tensor in order to compute 

an equivalent strain tensor; this requires an adaptation to the FLB damage model. The 

equivalent strain is then used to compute the damage scalar in the presence of creep strains 

using the adapted FLB damage model. Secondly, the damage scalar is then utilised to compute 

an effective stress in a damaged element. This effective stress can then be decomposed into the 

positive and negative parts in order to compute the LITS strain. Finally, the LITS behaviour 

law is evoked in order to compute the LITS component of the inelastic strains. Once all these 

components are computed, the final stress tensor can be updated. 

Following the approach of Draup et al. (2019), the coupled inelastic Burger, FLB and 

thermoelastic LITS model are formulated to be integrated using an implicit θ-sheme. A priori, 

the unknowns to be solved are the increments of: the elastic strain Δ휀𝑒𝑙; the creep strain Δ휀𝑐𝑟; 

the LITS strain Δ휀𝑣𝑝; damage Δd. As discussed here, the increment of damage Δd can be 

eliminated from this implicit system. Therefore, one has to define two tensorial equations, 

which are, respectively, associated with the elastic strain and the inelastic strain which the 

increments Δ휀𝑒𝑙and Δ휀𝑣𝑝 must satisfy. Equations 16-19 define the implicit system of equations 

to be solved, where ∆t is the time increment. 

𝑓𝜀𝑒𝑙(𝛥휀
𝑒𝑙, 𝛥휀𝑣𝑝, 𝛥휀𝑐𝑟) = 0 (16) 

𝑓𝜀𝑣𝑝(𝛥휀
𝑒𝑙, 𝛥휀𝑣𝑝, 𝛥휀𝑐𝑟) = 0 (17) 

𝑓𝜀𝑒𝑙 =  𝛥휀
𝑒𝑙 + 𝛥휀𝑣𝑝 + 𝛥휀𝑐𝑟 − 𝛥휀𝑡𝑜 (18) 

𝑓𝜀𝑣𝑝 =  𝛥휀
𝑣𝑝 − 𝛥휀𝑐𝑟 − 𝛥휀𝑣𝑝 + 𝛥𝑡𝑓𝐿𝐼𝑇𝑆 (𝜎|𝑡+𝜃𝛥𝑡) 

(19) 

 

The FLB damage model introduces an explicit relationship between the stress and the elastic 

strain 𝛥휀𝑒𝑙as well as the damage ∆d through Equation 20-23. In FLB models, the damage 

evolution ∆d can be explicitly computed as a function of the elastic strain increment 𝛥휀𝑒𝑙. 

This means that σ|t+θ∆t can be written as a function of 𝛥휀𝑒𝑙only, defined by Equation 25 
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𝜎|
𝑡+𝜃𝛥𝑡

= 𝑓𝐹𝐿𝐵 (휀
𝑒𝑙|
𝑡+𝜃𝛥𝑡

, 𝑑|
𝑡+𝜃𝛥𝑡

) (20) 

휀𝑒𝑙|
𝑡+𝜃𝛥𝑡

= 휀𝑒𝑙|
𝑡
+ 𝜃 𝛥휀𝑒𝑙 (21) 

𝑑|
𝑡+𝜃𝛥𝑡

= 𝑑|
𝑡
+ 𝜃 𝛥𝑑 (22) 

𝜎|
𝑡+𝜃𝛥𝑡

= 𝑓𝐹𝐿𝐵 (휀
𝑒𝑙|
𝑡+𝜃𝛥𝑡

, 𝑑|
𝑡+𝜃𝛥𝑡

(𝛥휀𝑒𝑙)) (23) 

𝐽 =

(

 
 

𝜕𝑓𝜀𝑒𝑙

𝜕𝛥휀𝑒𝑙

𝜕𝑓𝜀𝑒𝑙

𝜕𝛥휀𝑣𝑝

𝜕𝑓𝜀𝑣𝑝

𝜕𝛥휀𝑒𝑙
𝜕𝑓𝜀𝑣𝑝

𝜕𝛥휀𝑣𝑝)

 
 

 

(24) 

𝜕𝑓𝜀𝑒𝑙

𝜕𝛥휀𝑒𝑙
= −𝛥𝑡

𝑑𝑓𝐿𝐼𝑇𝑆

𝑑𝜎|
𝑡+𝜃𝛥𝑡

.
𝑑𝜎|

𝑡+𝜃𝛥𝑡

𝑑𝛥휀𝑒𝑙
                                                                                           

            = −𝛥𝑡
𝑑𝑓𝐿𝐼𝑇𝑆

𝑑𝜎|
𝑡+𝜃𝛥𝑡

. (
𝜕𝜎|

𝑡+𝜃𝛥𝑡

𝜕휀𝑒𝑙|
𝑡+𝜃𝛥𝑡

𝑑휀𝑒𝑙|
𝑡+𝜃𝛥𝑡

𝑑𝛥휀𝑒𝑙
+
𝜕𝜎|

𝑡+𝜃𝛥𝑡

𝜕𝑑|𝑡+𝜃𝛥𝑡

𝑑𝑑𝑡+𝜃𝛥𝑡

𝑑휀𝑒𝑙|
𝑡+𝜃𝛥𝑡

𝑑휀𝑒𝑙|
𝑡+𝜃𝛥𝑡

𝑑𝛥휀𝑒𝑙
) 

            = −𝜃𝛥𝑡
𝑑𝑓𝐿𝐼𝑇𝑆

𝑑𝜎|
𝑡+𝜃𝛥𝑡

. (
𝜕𝜎|

𝑡+𝜃𝛥𝑡

𝜕휀𝑒𝑙|
𝑡+𝜃𝛥𝑡

+
𝜕𝜎|

𝑡+𝜃𝛥𝑡

𝜕𝑑|𝑡+𝜃𝛥𝑡

𝑑𝑑𝑡+𝜃𝛥𝑡

𝑑휀𝑒𝑙|
𝑡+𝜃𝛥𝑡

)                                      

 

(25) 

 

The implicit system here is solved by a standard Newton algorithm, which requires its Jacobian 

matrix, J, to be computed (defined by Equation 24). J can be decomposed by blocks, where 
𝜕𝑓
𝜀𝑒𝑙

𝜕𝛥𝜀𝑒𝑙
 , 

𝜕𝑓
𝜀𝑒𝑙

𝜕𝛥𝜀𝑣𝑝
 , and 

𝜕𝑓𝜀𝑣𝑝

𝜕𝛥𝜀𝑒𝑙
 are the identity. Computation of 

𝜕𝑓𝜀𝑣𝑝

𝜕𝛥𝜀𝑣𝑝
 is more demanding since the 

derivative of the eigentensors must be computed. A symbolic expression of 
𝜕𝑓𝜀𝑣𝑝

𝜕𝛥𝜀𝑣𝑝
  is given by 

Equation 25, using the relation 
𝑑𝜀𝑒𝑙|

𝑡+𝜃𝛥𝑡

𝑑𝛥𝜀𝑒𝑙
= 𝜃𝑰. Whilst MFront can provide all the tools to compute 

those partial derivatives, another strategy is to let be computed numerically 
𝜕𝑓𝜀𝑣𝑝

𝜕𝛥𝜀𝑣𝑝
  . 

3D Cracked cube model 

In this simple testcase, a cube with geometry 0.1 × 0.1 × 0.1 mm is used. The cube features a 

square shaped crack, which is positioned at Z=0.05mm parallel to the x-y plane. The geometry 

is meshed with 250 hexahedral quadratic elements, as shown in  Figure 1. The mesh is subjected 

to the following boundary conditions: nodes on the planes parallel to the x-y plane at z=0 are 

assigned displacement conditions dz=0; nodes on the plane parallel to the z-x plane at y=0 are 

assigned displacement conditions dy=0; nodes on the plane parallel to the y-z plane at x=0 are 

assigned displacement conditions dx=0. Further the nodes on the plane parallel to the x-y plane 

at z=0.1 are assigned prescribed displacement conditions as shown in Figure 2. All nodes of 

the mesh are assigned thermal boundary conditions as shown in Figure 3. 
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The simulation is run with four separate material constitutive models: pure elastic, 

thermoelastic LITS, coupled FLB-LITS, and coupled Burger-FLB-LITS. The boundary 

conditions are kept identical in all case, allowing the evolution of stress and strain to be evoked 

due to material properties alone.  

 

Figure 1 - mesh and geometry of specimen 

 
 

In this simple testcase, there are several phases to the loading:  

• 𝑡 ≤ 120s : the cube undergoes tensile loading  

• 120 < 𝑡 ≤ 240s : the cube is unloaded 

• 240 < 𝑡 ≤ 360s : the cube undergoes compressive loading 

• 360 < 𝑡 ≤ 480s : the cube is unloaded 

• 480 < 𝑡 ≤ 600s : the cube undergoes restrained thermal expansion below the onset of 

LITS 

• 600 < 𝑡 ≤ 720s : the cube undergoes restrained thermal expansion above the onset of 

LITS 

• 720 < 𝑡 ≤ 340s : the cube is held at constant  temperature and displacement conditions 

Figure 2 - Prescribed displacement boundary 

conditions 
Figure 3 - Prescribed temperature boundary 

conditions 
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These conditions are chosen to induce contributions to strain and damage evolution in the 

cube from various mechanisms, i.e. simple mechanical, LITS effects, and creep effects.  

Results and Discussion 

Figures 4-7 show the macro stress and displacement response of the cube when simulated 

using each of the material models. We take the elastic condition (Figure 4) as the baseline 

response. It is clear that each material model induces significant influence on the macro 

stress capacity of the cube.   In particular, the evolution of LITS strains (Figure 5) causes a 

reduction of stress capacity due to stress relation. Further, the influence of damage in the 

coupled FLB-LITS model (Figure 6) causes a reduction of stress capacity compared to the 

LITS behaviour. Finally, the influence of creep strain evolution in the coupled Burger-FLB-

LITS models (Figure 7) causes a time dependent reduction in stress capacity of the cube in 

comparison to the coupled FLB-LITS model.  
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Figure 4 - Elastic response 

 

Figure 5 - LITS response 

 

Figure 6 - coupled FLB-LITS response 

 

Figure 7 - coupled Burger-FLB-LITS response 

Figure 8 shows the detailed comparison of stress fields in the cross section of the cube 

parallel to the z-x plane at y=0.05mm, which are shown at key points during the loading. 

Figure 9 shows the corresponding strain fields and Figure 10 shows the corresponding 

damage patterns. 

The observation from Figure 8 is that stress fields evolve even during the low temperature 

loading regime during the tensile phase; this difference is observable at t=240s and is 

manifested as a residual compressive stress field. These differences can be traced to the 

evolution of creep strains (Figure 9). It should also be noted that the evolution of creep 

strains has the effect of reducing the damage levels that evolve under the tensile loading 

phase (Figure 10).  

A similar effect can be seen from the compression phase, with an equally pronounced 

difference in residual stress fields at t=480s. It should be noted here that the distribution of 

damage here is different from the tensile phase, with damage occurring near the cracked 

interfaces. In the testcase we have presented, contact is neglected and this damage is likely 

to arise from bending of the cracked surfaces. 
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As the cube is loaded thermally, before the onset of LITS evolution, we see that the stress 

and strain fields are quite similar in all cases. This is likely due to the relatively large effect 

of thermal stresses compared to the mechanical loads for this particular case. We observe 

at t=600s similar stress, strain, and compressive damage patterns in the cube.  

As the cube is loaded to higher temperature above the onset of LITS, we begin to see the 

reduction in stress capacity of the cube at t=720s. Interestingly, there is a significant change 

to the damage patterns when considering the influence of LITS and creep in combination. 

There is a greater absolute strain distribution in the cube due to the simultaneous evolution 

of creep and LITS.  

As the cube is held at constant thermal and displacement conditions, at t=3400a, we see 

that the creep evolution has caused significant degradation to the stress capacity of the cube. 

What is interesting is that the creep strains have not caused much significant change to the 

damage distribution in the cube. This may be important when considering the effect of 

transient thermal loads on ageing infrastructure, i.e. for concrete structures with significant 

creep strain evolution. 

It could be that the evolution of creep limits a structures potential for LITS evolution. This 

is because creep strains cause a reduction in stress capacity, and since LITS evolves under 

combined thermal loads and constraint, the evolution of LITS could be reduced in aged 

structures.  
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Figure 8 - Localised stress distribution 
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Figure 9 - Localised strain distribution 
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Figure 10 - Localised damage distribution 
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Conclusions 

A novel model for concrete has been presented, which captures high temperature, constraint, 

and creep effects. The model is the result of a mathematically coupling between the Burger 

creep model, the FLB damage model, and a LITS model.  

The model capability is showcased by running a simulation of a simple cube under thermal and 

mechanical constraints. The coupled Burger-FLB-LITS model is compared to the coupled FLB-

LITS model of Draup et al. (2019), the thermos-elastic LITS model of Torelli et al. (2017), and 

a simple elastic model.  

The comparisons show that markedly different macro response is produced when creep and 

LITS effects are taken into account. Moreover, it is possible that the creep strains can mitigate 

the evolution of LITS in concrete structures which are creep aged. This result indicates that the 

significance of LITS evolution on damage evolution during transient thermal events may not 

be as much as previously suggested in the public domain.  
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